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Abstract. The study of the dynamic behaviour of non-uniform thickness circular plate resting on
elastic foundations is very imperative in designing structural systems. This present research investigates
the free vibration analysis of varying density and non-uniform thickness isotropic circular plates resting
on Winkler and Pasternak foundations. The governing differential equation is analysed using the
Galerkin method of weighted residuals. Linear and nonlinear case is considered, the surface radial and
circumferential stresses are also determined. Thereafter, the accuracy and consistency of the analytical
solutions obtained are ascertained by comparing the existing results available in pieces of literature and
confirmed to be in a good harmony. Also, it is observed that very accurate results can be obtained with
few computations. Issues relating to the singularity of circular plate governing equations are handled
with ease. The analytical solutions obtained are used to determine the influence of elastic foundations,
homogeneity and thickness variation on the dynamic behaviour of the circular plate, the effect of
vibration on a free surface of the foundation as well as the influence of radial and circumferential stress
on mode shapes of the circular plate considered. From the results, it is observed that a maximum
of 8.1% percentage difference is obtained with the solutions obtained from other analytical methods.
Furthermore, increasing the elastic foundation parameter increases the natural frequency. Extrema
modal displacement occurs due to radial and circumferential stress. Natural frequency increases as the
thickness of the circular plate increases, Conversely, a decrease in natural frequency is observed as the
density varies. It is envisioned that; the present study will contribute to the existing knowledge of the
classical theory of vibration.
Keywords: Free vibration, natural frequency, Winkler and Pasternak, circular plate, Galerkin method
of weighted residual.
1. Introduction
Application of plates is commonly found in a variety of contexts in civil, mechanical, naval, marine and
aeronautic engineering. The understanding of the dynamic behaviour of the plate is germane in several contexts.
For example, a plate resting on a foundation, fluid-structure interaction problems, panel flutter and plate
in aeronautics, also the coupling effect of electro-magnetic and thermal fields on plate. Several engineering
structures, such as railway, storage tank foundation and telecommunication mast require information on the
vibration analysis of plate entrenched on foundation earlier before embarking on the design. The simplest
form of modelling the mechanical behaviour of a soil foundation interaction is using the Winkler foundation.
The Winkler foundation has the limitation of non-interaction between the lateral spring, thereby resulting in
unreliable results. Two-parameter elastic foundations are established to cater for this interaction. The use
of two-parameter elastic foundations offers a true account of the soil foundation interaction. In the study
of vibration of a plate immersed in fluid, Kyeong-Hoon et al. [1] formulate a hypothetical approach for a
hydroelastic analysis of a clamped edge circular plate partially in contact with a liquid. Rayleigh-Ritz method
was adopted for obtaining the Eigenvalue equation. The influences of the thickness and depth of the liquid
thickness on the natural frequencies were determined.
In another work, Sari and Butcher [2] proposed a numerical approach for analysing the free vibration response
of an isotropic rectangular and annular Mindlin plates under damaged clamped boundary conditions using the
Chebyshev collocation method. the results obtained show that the damaged boundary condition influences
the natural frequency of the plate. Also, Fletcher [3] worked on a finite element formulation using a weighted
residual method. In another study, Bahram et al [4] investigated the vibration analysis of circular plates under
the influence of in-plane loading resting on the Winkler foundation. The solutions were obtained using the Ritz
method, it was observed that the foundation stiffness has an increasing influence on the natural frequencies. Also,
critical buckling load was increased for the laminated circular plate. On the application of the semi-analytical
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Figure 1. Varying thickness circular plate resting on two-parameter foundations.
method, Wei-Ming et al. [5] proposed a new semi-analytical method for obtaining Eigenvalues of vibrating
circular plates with several holes, the influence of the holes on the natural frequencies was determined.
Previous studies show that the inherent singularity issue of a circular plate is not easy to handle. The
numerical method is a reliable method of solution for handling the governing equations of related challenges but,
the convergence, volume of iterations and stability studies associated with numerical increases the computation
time and cost. Meanwhile, an attempt to obtain a symbolic solution for the dynamic behaviour of a circular plate
resting on Winkler and Pasternak foundations requires the adoption of semi-analytical and analytical methods.
Yun and Temuer [6, 7] formulate an improved Homotopy perturbation method (HPM) to obtain a solution for
large deflection of a simply supported circular plate. Reliable results were obtained. In a later work, Zhong and
Liao [8] also used the Homotopy analysis method (HAM) to obtain the solution for the non-linear problems.
In another study, Yalcin et al. [9] adopted a differential transform method (DTM) for the free vibration of a
circular plate. Also, Li et al. [10] analysed a bending large deflection of a simply supported circular plate using
an analytical method. The DTM is equally very versatile method, good in handling singularity and a non-trivial
differential system of equations, but requires the need to manipulate the governing equation before the singularity
problem is resolved and, subsequently, involve transforming the governing equation to an algebraic form. The
number of iterations in the DTM is very cumbersome compared to the Galerkin method of weighted residual.
Meanwhile, the HPM also suffers the setback of finding the embedded parameter and initial approximation of
the governing equation that satisfies the given conditions. Nonetheless, several researches on a free vibration of
circular plates using different methods have been presented in the literature [11–25]. Moreover, the reliability
and flexibility of the Galerkin method of weighted residual [26] have made it more effective than any other
semi-numerical method. The method is much simpler than any other approximating method of solutions. The
Galerkin method of weighted residual handles the circular plate vibration problem without any manipulation of
the governing equation with very precise results compared to numerical and experimental results.
The review of the past studies show that the analysis of the dynamic behaviour of varying thickness and
non-homogeneous circular plates resting on Winkler and Pasternak foundations with the aid of the Galerkin
method of weighted residual has not been investigated. Therefore, the present study focuses on the application
of the Galerkin method of weighted residual for a dynamic analysis of a non-uniform thickness circular plate
resting on Winkler and Pasternak foundations. The novelty of the present study also includes resolving the
singularities problem associated with a circular plate without modifying the governing equation.
2. Problem formulation and mathematical analysis
A circular plate of a varying uniform thickness and non-homogenous material resting on Winkler and Pasternak
foundation in Fig. 1 is considered under various boundary conditions, simply supported, free and clamped edge
conditions. According to Kirchhoff plate theory, the following assumptions are considered in the model of the
governing equation.
(1.) Plate thickness is smaller compared to the dimension of the circular plate.
(2.) Normal stress is assumed negligible in the transverse direction of the circular plate.
(3.) The rotary inertia effect is negligible.
(4.) Normal to the undeformed middle surface remains straight and normal to the deformed middle surface
without length stretching.
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The differential governing equation for a transverse free vibration of an isotropic circular plate with a uniform
thickness as shown in Fig. 1 may be written as [12, 27, 28],
g(r)
{
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where r and θ are polar coordinates. w is the transverse displacement, ρ is the material density, h is the thickness
of the plate, flexural rigidity D = Eh3/12(1− ν2), Poisson’s ratio is ν, the elasticity coefficient is E, Kw is the
Winkler foundation and ks is the Pasternak foundation.
For a free vibration equation, the solution is presented in this form based on Kantorovich-type approximation
w(r, t) = w(r)eiωt (2)
Presenting the solution in a more general form, the following dimensionless parameters are used
r = R
a
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2
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; (3)
Applying Eq. (2) on Eq. (1), we have
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where Ω is natural frequency respectively. while m is an integer.
Linear variation of thickness is considered.
h = h0(1 + ηR)
The thickness and flexural rigidity of the plate can be expressed as;
h = h0f(r), D = D0f3(r) = D0g(R), (5)
where h0 is thickness at the center and
D0 =
Eh30
12− ν2
η and ξ are the thickness and density parameters respectively.
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2.1. Boundary conditions
The boundary conditions considered as earlier stated simply support, clamped and free edge conditions. The
dimensionless form of the boundary conditions may be presented in terms of the deflection W (R) as follows [8]
• clamped
W (R)|R=1 = 0,
dW
dR
∣∣∣∣
R=1
= 0, (7)
• simply supported
W (R)|R=1 = 0, Mr|r=1 = −D
[
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2
R2
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= 0, (8)
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]
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The bending moment is represented as the radial shear force per unit length is represented as Vr. An
nth-order differential equation requires n-number of boundary condition. Since the dimensionless Eq. (6) is a
fourth-order governing equation then, four boundary conditions are expected for resolving the equation. Two of
the conditions may be obtained from the external condition of the plate while the rest two are obtained from
the condition at the center of the plate. The regularity conditions at the center are given as,
Symmetric case
dW
dR
∣∣∣∣
R=0
= 0, VR|R=0 =
d3W
dR3
= 0, for (m = 0, 2, 4 · · ·) , (10)
Axisymmetric case
W (R)|R=0 = 0, MR|R=0 =
d2W
dR2
∣∣∣∣
R=0
= 0 for (m = 1, 3, 5 · · ·) . (11)
3. Method of solution: Principle of Galerkin weighted residual
Galerkin method was first proposed by Walther Ritz but was credited to Soviet Engineer called Boris Galerkin [26].
The method is used for handling differential equations. The approximate solutions of the differential equations
are presumed to be thoroughly approximated by a finite sum of test functions. However, the chosen method
of weighted residuals are used to obtain the value of the coefficients of each resulting test function ϕi. The
corresponding coefficients are made to reduce the error between the linear combination of test functions, and
actual solution, in a chosen standard. The technique is a reliable estimated solution capable of solving a series
of problems that eliminate the search for vibrational formulation. Assuming the governing equation to be
L(ϕs(r) + g(r)) = 0, r ∈ Φ. (12)
with the following boundary conditions
B
(
ϕs(r),
dϕs(r)
dr
)
= 0, r ∈ ∂Φ, (13)
where L is the linear operator, r is the independent variable, ϕs(r) is the unknown function, Φ is the domain, B
is the boundary operator and ∂Φ represents the boundary of the domain.
Residual
L(ϕs(r) + g(r)) = R˜(r) (Residual) . (14)
Minimize the residual by multiplying with a weight W and integrate over the domain.
1∫
0
R˜(r)W (r)dr = 0 (15)
Wr is the weight function, which is found through either, Galerkin of weighted residual, collocation, sub-domain,
or least square method. For this study Galerkin approach is adopted.
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The approximate solution u(r) is a linear combination of trial functions which must satisfy the essential
boundary condition
u¯(r) ≈
N∑
i=1
ciφi (r), (16)
φi(r) is the trial function, while the weight function trial function is N and i is the node in the domain
1∫
0
R˜(r)φi(r)dr = 0 where i = 1, 2, . . . . . . , N,
3.1. Application of Galerkin method of weighted residual to the governing
equation
For the sake of brevity, symmetric case regularity condition and simply supported edge condition is presented
here while the same approach is used to determine the other conditions treated in this study. The choice of
the polynomial solution is based on the highest order of the derivative of the governing equation. This is a
fourth-order derivative equation so; the chosen polynomial is of the order five.
Assume a polynomial solution for order four differential equation
W (R) = a+ bR+ cR
2
2! +
dR3
3! +
eR4
4! +
gR5
5! , (17)
Applying the boundary conditions at R = 0, symmetric case in Eq. (10)
• Simply supported edge
W ′ (0) = b = 0, (18)
W ′′′ (0) = d = 0, (19)
W (1) = a+ c2 +
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2
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⇒ −221793c1000 −
187671e
2000 −
244541f
8000 = 0, (21)
For the symmetric case m = 0 and asymmetric case m = 1. Solving the simultaneous equation [Eqs. (20)
and (21)] to find the unknowns and substitute back to Eq. (17).
W ⇒ a+ 12 cR
2 + 124
(
−5160a83 −
2268c
83
)
R4 +
(
6360c
83 +
15840a
83
)
R5
120 , (22)
Chain function Ni(r) in Eq. (22) are a and c, as reported in Eqs. (7-9)) the boundary condition range is
0 =⇒ 1, invariably the integral limit for this Galerkin method is 0 to 1.
Galerkin equation
1∫
0
Ni (R)R˜dR = 0, (23)
• Chain function
N1 =
dW
da
⇒ 1− 215R
4
83 +
132R5
83 , (24)
N2 =
dW
dc
⇒ 12R
2 − 189R
4
166 +
53R5
83 , (25)
Applying Eq. (23) and obtain simultaneous equations based on the chain function.
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dR = 0, (26)
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Validating the analytical solutions requires assign values for the thickness parameter.
Solution of Eq. (26) becomes:
− 104333c8709 −
−21153a
1168 +
2114Ω2cξ
33391 +
30621aKs
33884 +
7544cKw
226609 +
7544Ω2c
226609 +
38892cKs
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+ 19625aKw30401 +
19625Ω2a
30401 = 0 (27)
1∫
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)
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2
R
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(
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)
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(
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W

+
(
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+ 3m2R3 W
}
+(
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d2W
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(
1
R
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2
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)}
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R
dW
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(28)
Solution of Eq. (28) becomes:
21524c
43463 +
52591a
27028 +
3406Ω2cξ
1979425 +
2114Ω2aξ
120859 +
1939aKs
27556 +
1737cKw
606232 +
1737Ω2c
606232 +
3617cKs
86573 +
2767aKw
83116 +
2767Ω2a
83116 = 0 (29)
Eq. (27) and Eq. (29) represent series expression obtained after resolving Eq. (26) and Eq. (28). The resulting
simultaneous equation obtained may be written in this form(
− 1043338709 + 2114Ω
2ξ
120859 +
7544Kw
226609
+ 7544Ω2226609 +
38892Ks
79283
)
c+
(
− 211531168 + 7469Ω
2ξ
33391 +
30621Ks
33884
+ 19625Kw30401 +
19625Ω2
30401
)
a = 0(
21524
43463 +
3406Ω2ξ
1979425 +
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606232
+ 1737Ω2606232 +
3617Ks
86573
)
c+
(
52591
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2114Ω2ξ
120859 +
1939Ks
27556
+ 2767Kw83116 +
2767Ω2
83116
)
a = 0
(30)
The solutions are represented in terms of the natural frequency Ω and the controlling parameters. Therefore,
Eq. (30) maybe written in matrix form as
(
− 1043338709 + 2114Ω
2ξ
120859 +
7544Kw
226609
+ 7544Ω2226609 +
38892Ks
79283
) (
− 211531168 + 7469Ω
2ξ
33391 +
30621Ks
33884
+ 19625Kw30401 +
19625Ω2
30401
)
(
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43463 +
3406Ω2ξ
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1737Kw
606232
+ 1737Ω2606232 +
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86573
) (
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2114Ω2ξ
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27556
+ 2767Kw83116 +
2767Ω2
83116
)

{
c
a
}
=
{
0
0
}
, (31)
The following Characteristic determinant is obtained applying the non-trivial condition
(
− 1043338709 + 2114Ω
2ξ
120859 +
7544Kw
226609
+ 7544Ω2226609 +
38892Ks
79283
) (
− 211531168 + 7469Ω
2ξ
33391 +
30621Ks
33884
+ 19625Kw30401 +
19625Ω2
30401
)
(
21524
43463 +
3406Ω2ξ
1979425 +
1737Kw
606232
+ 1737Ω2606232 +
3617Ks
86573
) (
52591
27028 +
2114Ω2ξ
120859 +
1939Ks
27556
+ 2767Kw83116 +
2767Ω2
83116
)
 = 0, (32)
Solving Eq. (32), one gets(
− 59758059706 −
72ξ2
912077 −
545ξ
928333
)
Ω4 +
((
− 857ξ786779 −
2995
275111
)
Ks +
(
− 545ξ928333 −
5975
4029853
)
Kw−
−1746629021 −
21131ξ
82827
)
Ω2 − 1074Ks
2
331613 +
(
15438
36701 −
2995Kw
275111
)
Ks − 1307829119 −
17466Kw
29021 −
5975Kw2
8059706 ; (33)
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The eigenvalues are obtained resolving the Quartic equation Eq. (33) above.
Ω =
√√√√√√√√√
(
1.57 × 108ξ2
+1.17 × 109ξ
+1.48 × 109
)
√√√√√√√

1.63 × 1017Ks2ξ2 − 2.15 × 1018KsKwξ2 + 1.10 × 1017Kw2ξ2
+1.61 × 1019Ks2ξ − 9.55 × 1018KsKwξ + 6.88 × 1020Ksξ2
+1.09 × 1020Kwξ2 + 1.08 × 1020Ks2 + 7.85 × 1021Ksξ
+4.98 × 1019Kwξ + 6.05 × 1022ξ2 + 1.43 × 1022Ks + 2.73 × 1023ξ
+3.19 × 1023
−
−1.08 × 109Ksξ − 5.8 × 108Kwξ + 1.08 × 1010Ks − 1.48 × 109Kw + . . .

(1.57 × 108ξ2 + 1.17 × 109ξ + 1.48 × 109) ; (34)
Ω = −
√√√√√√√√√
(
1.57 × 108ξ2
+1.17 × 109ξ
+1.48 × 109
)1 ×

√√√√√√√

1.63 × 1017Ks2ξ2 − 2.15 × 1018KsKwξ2 + 1.10 × 1017Kw2ξ2
+1.61 × 1019Ks2ξ − 9.55 × 1018KsKwξ + 6.88 × 1020Ksξ2
+1.09 × 1020Kwξ2 + 1.08 × 1020Ks2 + 7.85 × 1021Ksξ
+4.98 × 1019Kwξ + 6.05 × 1022ξ2 + 1.43 × 1022Ks
+2.73 × 1023ξ + 3.19 × 1023
−
−1.08 × 109Ksξ − 5.8 × 108Kwξ + 1.08 × 1010Ks − 1.48 × 109Kw + . . .


(1.57 × 108ξ2 + 1.17 × 109ξ + 1.48 × 109) ; (35)
Ω =
√√√√√√√√√
(
1.57 × 108ξ2
+1.17 × 109ξ
+1.48 × 109
)−1 ×

√√√√√√√

1.63 × 1017Ks2ξ2 − 2.15 × 1018KsKwξ2 + 1.10 × 1017Kw2ξ2
+1.61 × 1019Ks2ξ − 9.55 × 1018KsKwξ + 6.88 × 1020Ksξ2
+1.09 × 1020Kwξ2 + 1.08 × 1020Ks2 + 7.85 × 1021Ksξ
+4.98 × 1019Kwξ + 6.05 × 1022ξ2 + 1.43 × 1022Ks + 2.73 × 1023ξ
+3.19 × 1023
−
−1.08 × 109Ksξ − 5.8 × 108Kwξ + 1.08 × 1010Ks − 1.48 × 109Kw + . . .


(1.57 × 108ξ2 + 1.17 × 109ξ + 1.48 × 109) ;
(36)
Ω = −
√√√√√√√√√
(
1.57 × 108ξ2
+1.17 × 109ξ
+1.48 × 109
)1 ×
−1 ×

√√√√√√√

1.63 × 1017Ks2ξ2 − 2.15 × 1018KsKwξ2 + 1.10 × 1017Kw2ξ2
+1.61 × 1019Ks2ξ − 9.55 × 1018KsKwξ + 6.88 × 1020Ksξ2
+1.09 × 1020Kwξ2 + 1.08 × 1020Ks2 + 7.85 × 1021Ksξ
+4.98 × 1019Kwξ + 6.05 × 1022ξ2 + 1.43 × 1022Ks
+2.73 × 1023ξ + 3.19 × 1023
−
−1.08 × 109Ksξ − 5.8 × 108Kwξ + 1.08 × 1010Ks + . . .



(1.57 × 108ξ2 + 1.17 × 109ξ + 1.48 × 109) ;
(37)
The numerical computation of the natural frequencies requires substituting values to solutions obtained in
Eq. (34-37)
− 14923Ω
2
46030 −
28704
3259 +
√
(4.17× 1019Ω4 + 2.52× 1021Ω2 + 2.52× 1022)
2.00× 108 , (38)
Solving the quadratic Eq. (38) gives the natural frequency.
Ω = 4.957175854, − 4.957175854, (39)
Substitute the positive root obtained in Eq. (39) into Eq. (31) gives,[− 1378654058 − 111560871735062
31091
22757
53569
]{
a
c
}
(1)
=
{
0
0
}
, (40)
Putting c = 1 in Eq. (40), then a is calculated as,{
a
c
}
(1)
=
{ −2.654608759
1
}
, (41)
Therefore, the deflection solution of the governing Eq. (1) gives
W (R) = 1− 25785R
2
20356 +
32609R4
93147 −
9721R5
116589 , (42)
3.2. Application of Galerkin method of weighted residual to nonlinear governing
equation
Considering a non-uniform thickness circular plate resting on nonlinear foundation in Fig. 2, Von- Kármán
analogue is employed due to geometric nonlinearity condition involved.
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Figure 2. Varying thickness circular plate resting on three-parameter foundations.
g(R)

∂4W (R,t)
∂R4 +
2
R
∂3
∂R3W (R, t)−
(
2m2+1
R2
)
∂2W (R,t)
∂R2 +
(
2m2+1
R3
)
∂W (R,t)
∂R −(
4m2−m4
R4
)
w(R, t)
+
∂g(R)
∂R
{
2∂
3W (R, t)
∂R3
+ 2 + ν
R
∂2W (R, t)
∂R2
− 2m
2 + 1
R2
∂W (R, t)
∂R
+ 3m
2
R3
W (R, t)
}
+
∂2g(R)
∂R2
{
∂2W (R, t)
∂R2
+ ν
(
1
R
∂W (R, t)
∂R
− m
2
R2
W (R, t)
)}
− a
2ks
D∗
∂2W (R, t)
∂R2
− a
2ks
D∗R
∂W (R, t)
∂R
+
a2ks
D∗
m2
R2
W (R, t)− 34
a4kp
D∗
(W (R, t))3 + a
4kw
D∗
W (R, t) + ρa
4h
D∗
∂2W (R, t)
∂t2
− 1
R
∂
∂R
(
ϕ
∂W (R, t)
∂R
)
= 0, (43)
∂2ϕ
∂R2
+ 1
R
∂ϕ
∂R
− ϕ
R2
+ Eh2R
(
∂W (R, t)
∂R
)2
= 0 (44)
Where kp is the nonlinear Winkler foundation and ϕ is the Airy stress function.
An approximate solution is obtained by assuming the non-linear free vibrations to have the same spatial
shape, i.e.,
W (R, t) =
(
c4R
4 + c2R2 + 1
)
φ (t) (45)
Substitute Eq. (45) into Eq. (44) and solve the ODE
ϕ(R, t) = c1
R
− c3R+
(φ(t))2R3
(
2c42R4 + 4c2c4R2 + 3c22
)
6 , (46)
The value of ϕ is accordingly found to be finite at the origin c1 = 0. Additionally, is the constant of
integration is to be determined from in plane boundary conditions. Maximum value of phi(t) coincides with the
maximum deflection Wmax divided by plate thickness h.
The substitution of the expressions for W and ϕ given by Eqs. (45) and (46) respectively into Eq. (44) and
the application of the Galerkin procedure in the nonlinear time differential equation obtained in the form∫ 1
0
L′(W,ϕ)WRdR = 0 (47)
L′(W,ϕ) =
(
R3η3 + 3R2η2 + 3ηR+ 1
)(
72c4φ (t)−
(
12c4R2 + 2c2
)
φ (t)
R2
+
(
4c4R3 + 2c2R
)
φ (t)
R3
)
+
+
(
3R3η3 + 6Rη2 + 3η
)(
48c4Rφ (t) +
(2 + ν)
(
12c4R2 + 2c2
)
φ (t)
R
−
(
4c4R3 + 2c2R
)
φ (t)
R2
)
+
+
(
6Rη3 + 6η2
)((
12c4R2 + 2c2
)
φ (t) +
ν
(
4c4R3 + 2c2R
)
φ (t)
R
)
+ 34kp
(
c4R
4 + c2R2 + 1
)3(φ (t))3−
− kw
(
c4R
4 + c2R2 + 1
)
φ (t)−
(
Rc3 − 16 (φ (t))2R3
(
2c42R4 + 4c2c4R2 + 3c22
)) (
12c4R2 + 2c2
)
φ (t)
R
−
−
(
c3 − 12 (φ (t))2R2
(
2c42R4 + 4c2c4R2 + 3c22
)− 16 (φ (t))2R3 (8c42R3 + 8c2c4R)) (4c4R3 + 2c2R)φ (t)
r
+
+ ks
(
12c4R2 + 2c2
)
φ (t) +
ks
(
4c4R3 + 2c2R
)
φ (t)
R
− (ξR+ 1) (ηR+ 1) (c4R4 + c2R2 + 1) d2dt2φ (t) , (48)
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We have
[M ]
{
d2φ¨s
dt2
}
+ [k] {φs} − [V ]
{
φ3s
}
= {0} , (49)
where
M =(((−11088ξ − 12320) η − 12320ξ − 13860) c2 + (−13860ξ − 15840) η − 15840ξ − 18480) c455440 +
+ ((−6930ξ − 7920) η − 7920ξ − 9240) c
2
2
55440 +
((−18480ξ − 22176) η − 22176ξ − 27720) c2
55440 +
+ ((−4620ξ − 5040) η − 5040ξ − 5544) c
2
4
55440 +
(−13860ξ − 18480) η
55440 −
ξ
3 −
1
2 , (50)
K =−
((− 188ν5 − 319615 ) η3 + (−72ν − 504) η2 + (− 216ν7 − 23767 ) η + 3kw5 + 12c3 − 12ks − 64)
6 c
2
4−
−
(
((− 398114 − 873ν14 )η3+(−696−120ν)η2+(− 24125 − 252ν5 )η+ 3kw2 +20c3−20ks−96)
6 c2
+
(− 324ν5 − 18365 ) η3 + (−144ν − 1008) η2 + (−72ν − 792) η − 192 + 2kw + 24c3 − 24ks
)
c4−
−
((− 102ν5 − 1025 ) η3 + (−36ν − 36) η2 + (−12ν − 12) η + 6c3 − 6ks + kw)
6 c2
2−
−
(
(−33ν − 33) η3 + (−72ν − 72) η2 + (−36ν − 36) η + 3kw + 12c3 − 12ks
)
6 c2 −
kw
2 , (51)
V =−
(
−kp4 − 407
)
c44
6 −
((
−20− 9kp8
)
c2 − 9kp7 − 8
)
c34
6 −
((
−28− 27kp14
)
c22 +
(
−20− 9kp2
)
c2 − 27kp10
)
c24
6 −
−
((
−18− 3kp2
)
c32 +
(
−20− 27kp5
)
c22 − 27c2kp4 − 3kp
)
6 c4 −
(
− 9kp20 − 4
)
6 c
4
2 −
(
− 9kp4 − 6
)
6 c
3
2+
+ 3c
2
2kp
4 +
3c2kp
4 +
3kp
8 , (52)
3.3. Application of Galerkin method of weighted residual to foundation free
surface
Considering the vibration influence of foundation on the plate beyond the domain of the plate. Same procedure
from Eq. (43) applies. The Galerkin procedure Eq. (47) in the nonlinear time differential equation now becomes∫ a
0
L(W,ϕ)WRdR−
∫ a2
a1
L′(W,ϕ)WRdR = 0 (53)
where L(W,ϕ) is the foundation equation.
We have
[M ]
{
d2φ¨s
dt2
}
+ [k] {φs} − [V ]
{
φ3s
}
= {0} , (54)
where
M = c4
2
55440
(
−4620ξηa112 + (−5040ξ − 5040η) a111 − 5544a110 + 4620a210
( 6
5 + ξηa2
2+( 12ξ
11 +
12η
11
)
a2
))
+
+ c455440

(
−11088ξηa110 + (−12320ξ − 12320η) a19 − 13860a18 + 11088a28
( 5
4 + ξηa2
2
+
( 10ξ
9 +
10η
9
)
a2
))
c2
−13860ξηa18 + (−15840ξ − 15840η) a17 − 18480a16 + 13860a26
( 4
3 + ξηa2
2
+
( 8ξ
7 +
8η
7
)
a2
)
+
+ c2
2
55440
(
−6930ξηa18 + (−7920ξ − 7920η) a17 − 9240a16 + 6930a26
(4
3 + ξηa2
2 +
(8ξ
7 +
8η
7
)
a2
))
+
+
(
−18480ξηa16 + (−22176ξ − 22176η) a15 − 27720a14 + 18480a24
( 3
2 + ξηa2
2 +
( 6
5ξ +
6
5η
)
a2
))
c2
55440 −
− 14a1
4ηξ + (−18480ξ − 18480η) a1
3
55440 −
1
2a1
2 + 14
(
ξηa2
2 + 2 +
(4
3ξ +
4
3η
)
a2
)
a2
2, (55)
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K = 124

(( 432ν
5 +
2448
5
)
η3 − 12kw5
)
a1
10 + 64η3
(
ν + 173
)
a1
9 +
(
(288ν + 2016) η2 + 48ks − 48c3
)
a1
8
+ 864η(11+ν)a1
7
7 + 256a16 +
((− 432ν5 − 24485 ) η3 + 12kw5 ) a210 − 64η3 (ν + 173 ) a29
+
(
(−288ν − 2016) η2 − 48ks + 48c3
)
a2
8 − 864η(11+ν)a277 − 256a26 −
12a8(a2kw−20ks)
5
 c24+
+ 124
(
(126ν + 630) η3 − 6kw
)
a1
8 + 864η
3a1
7
7
(
37
9 + ν
)
+
(
(480ν + 2784) η2 + 80ks − 80c3
)
a1
6+
+ 1008a1
5η
5
(
67
7 + ν
)
+ · · · , (56)
V = 124
(
−160a2
14
7 +
160a114
7 + kpa1
18 − kpa218 + a18kp
)
c4
4 + 124
(
6a12kp + 6a112kp
−6a212kp + 72a18 − 72a28
)
c32+
+ 124
( (
80a112 − 80a212 − 92kpa216 + 92kpa116 + 92a16kp
)
c2 − 32a210 + 32a110 + 36a1
14kp
7
− 36a214kp7 + 36a
14kp
7
)
c34+
+ 124

(
112a110 − 112a210 + 54a
14kp
7 − 54a2
14kp
7 +
54a114kp
7
)
c2
2
+
(
18a12kp + 18a112kp − 18a212kp + 80a18 − 80a28
)
c2
+ 54kp(a
10+a110−a210)
5
 c42 + 80a16 − 80a26 + · · · , (57)
3.4. The stress-deflection expression is [12]
To determine the radial and circumferential stress for the circular plate, the following dimensionless expression
may be used
σrr =
E (r, z) z
1− ν2
(
d2W
dR2
+ ν
R
dW
dR
)
,
σθθ =
E (r, z) z
1− ν2
(
1
R
dW
dR
+ ν d
2W
dR2
)
, (58)
where E is the Young modulus of the circular plate, ν is the poisons ratio and z is the mid-plane of the plate.
4. Results and discussion
The analytical solution of the governing equation of motion of the circular plate under various boundary
conditions with Galerkin method of weighted residual is hereby presented. The material properties for the thin
non-uniform thickness, non-homogenous Wrought iron circular plate used are E = 200GPa material density
rho = 7.70 g/m3 thickness of the plate h = 0.01m and Poisson’s ratio ν = 0.3 respectively.
To validate the analytical solution of free vibration of non-homogenous and varying thickness circular plate
resting on Winkler and Pasternak foundations using Galerkin method of weighted residuals, application is made
to the numeric data stated above given by [9]. Galerkin method of weighted residual determined the natural
frequency in dimensionless form. However, the accuracy of the analytical solutions obtained are compared with
results as reported in the literature [25] and confirm in good harmony along the entire values under different
boundary conditions and presented in Table 1 and 2. Since the dimensionless value of the natural frequency Ω
is obtained in the analysis, the results are valid for all thickness to radius ratio. Also, the parametric studies of
the controlling factors are presented in graphical form.
The solution of the Galerkin method of weighted residual is a determinant of order of the assumed polynomial
chosen. In this study, fifth-order polynomial is chosen for the fourth-order governing differential equation. The
analytical solutions obtained though are limited to the first two natural frequencies but, it is good enough to
predict the behaviour of the plate and the results are observed similar to results reported in the literature [27].
Moreso, comparing the results obtained using Galerkin method of weighted residual to results obtained in [9]
using DTM. The DTM results converged at ten iterations while the present method predict almost the same
results with fewer steps of calculation using the assumed polynomial. It is also observed that to obtain a higher
node of natural frequencies there is a need to increase the order of the assumed polynomial chosen at the
beginning of the analysis. Results are shown in Tables 1 and 2 illustrate the fundamental natural frequencies
obtained which gives a reasonable prediction of the circular plate behaviour with minimal iterations.
Tables 1 and 2 also show comparisons of results for the symmetric and asymmetric case of the present study
with reported work in the literature review. There is good agreement between the present study and the results
reported [27], Hence, it can be concluded that the present procedure is very effective. Fig. 3 shows comparison of
linear and nonlinear vibration. It is observed that the discrepancy become significant as the vibration increases.
136
vol. 60 no. 2/2020 Investigation of the dynamic behaviour of non-uniform thickness. . .
Edge condition/Dimensionless natural frequency Ω
Simply supported
[9, 12, 27] 4.93511
Present 4.95717
% Diff 2.206
Clamped
[9, 12, 27] 10.21582
Present 10.28571
% Diff 6.989
Free
[9, 12, 27] 9.00312
Present 9.03381
% Diff 3.069
Table 1. Validation of fundamental natural frequency for symmetric condition.
Edge condition/Dimensionless natural frequency Ω
Simply supported
[9, 27, 29] 13.94
Present 13.9
% Diff 4
Clamped
[9, 27, 29] 21.26
Present 21.26
% Diff 0
Free
[9, 27, 29] 20.475
Present 20.556
% Diff 8.1
Table 2. Validation of fundamental natural frequency for axisymmetric condition.
Figure 3. Comparison of dflection time history for the linear and nonlinear circular plate.
137
S. Salawu, G. Sobamowo, O. Sadiq Acta Polytechnica
4.1. Investigation of plate behaviour on foundation
To further investigate the effect of plate resting on elastic foundation for free vibration of non-homogenous varying
thickness circular plate, the natural frequencies of the solutions obtained are plotted against the foundation
parameter variation. The results are obtained by setting m = 1 and m = 0 respectively as shown in Figs. 4
and 5. Figs. 4 and 5 show that as the elastic foundation parameter (shear stiffness) of the elastic medium
increases, the natural frequency of vibration of the uniform thickness, homogenous circular plate increases. This
as a result of the increased value of the elastic medium stiffness, the shear stiffness makes the uniform circular
plate stronger/stiffer and vibrates at higher natural frequency. Although, it a known character of the plate to
be affected by the characteristic of the elastic foundation. The same effect is also observed under the Pasternak
foundation and when the plate is resting on combined Winkler and Pasternak foundations. Fig. 6 depicts
the influence of varying nonlinear foundation on vibration of the circular plate, it is observed that increasing
combine foundation attenuate the deflection of the circular plate. Fig. 7 illustrates the influence of foundation
free surface on the vibration characteristic of the circular plate. Conversely, it is observed that as the stiffness of
free foundation increases, the nonlinear vibration frequency ratio increases.
Figure 4. Influence of Pasternak foundation variation
on symmetric and asymmetric case.
Figure 5. Influence of Winkler foundation variation on
symmetric and asymmetric case.
Figure 6. Influence of elastic foundation variation on
deflection.
Figure 7. Influence of foundation free surface on vibra-
tion of the circular plate.
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4.2. Mode shapes
The mode shape for the dimensionless natural frequencies are shown in Figs. 8-13 respectively. It is important
to note that, the mode shape obeys the classical theory of vibration. According to [12], for transient stress
investigation, the response is normally based on the modal superposition principle and the modal stress which to
a certain level will expose the characteristics and content of the whole response of the plate. Based on that, the
study of the non-dimension radial and circumferential stress is determined using Eq. (58) and results illustrated
in Figs. 14-17. For radial and circumferential stresses, Figs. 14-17 show that the location of the vibrating node
and antinodes are in-away different. The phenomenon is due to the vanishing mode of the boundary condition.
it is clearly shown that, the location of the node and antinodes of the vibrating plate changes. Figs. 14-17
when compared to Figs. 8-13 different in the mode shape is clearly shown. Invariably, the extrema mode shapes
location differs based on the boundary conditions. The extrema mode shape of the circular plate is distorted
due to the presence of radial and circumferential stresses. Also comparing Figs 8 and 9, Figs. 10 and 11 likewise
Figs. 12 and 13 respectively, it is observed the symmetric case of circular plate differs from the axisymmetric
case. This due to the difference in the regularity condition at the center.
Figure 8. Mode shape for simply supported edge condi-
tion symmetric case.
Figure 9. Mode shape for simply supported edge condi-
tion asymmetric case.
Figure 10. Mode shape for clamped edge condition
symmetric case.
Figure 11. Mode shape for clamped edge condition
asymmetric case.
139
S. Salawu, G. Sobamowo, O. Sadiq Acta Polytechnica
Figure 12. Mode shape for free edge condition symmet-
ric case.
Figure 13. Mode shape for free edge condition asym-
metric case.
Figure 14. Radial stress for clamped edge symmetric
case.
Figure 15. Radial stress for clamped edge asymmetric
case.
Figure 16. Circumferential stress for clamped edge
symmetric case.
Figure 17. Circumferential stress for clamped edge
asymmetric case.
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Figure 18. Influence of thickness parameter variation
on symmetric and asymmetric case circular plate.
Figure 19. Influence of thickness parameter variation
on deflection of circular plate for nonlinear foundation.
Figure 20. Influence of thickness parameter variation on dynamic behaviour of circular plate for free surface of
foundation.
4.3. Investigation of plate thickness variation on the natural frequency
Fig. 18 illustrates the influence of the taper variation on the natural frequency. An increase in taper ratio
along means that as the thickness of the plate increase, the plate gains more strength and stiffness. The more
the stiffness of the plate, the more that natural frequency of the plate increase. This is an obvious result
considering the classical theory of vibration. Fig. 19 shows the result obtained while investigating the influence
of plate thickness variation for the circular plate resting on nonlinear foundation. From the result, it is observed
that increasing the thickness, deflection of the circular plate increases. As flexibility of the plate increases,
the deflection increases. Also, Fig. 20 depicts the nonlinear frequency response of the circular when the plate
thickness is increase with consideration to the free surface of the foundation. A decrease in nonlinear frequency
ratio is observed as the thickness increases.
4.4. Investigation of homogeneity parameter variation on the natural frequency
The effect of homogeneity is determined and shown in Fig. 21. Homogeneity is a function of density variation.
From the results obtained, it is shown that the natural frequency decreases with an increase in density. This
implies that, as the material properties are being increased, the plates gained more mass. The more the plate
mass increases the more the natural frequency decreases due to the increase in the mass of the plate, as a result,
the natural frequency decrease.
Fig. 22 illustrates that, increasing the homogeneity of the circular plate leads to increase in the deflection of
the circular plate meanwhile, from the result illustrated in Fig. 23 increasing the density lowers the deflection of
the circular plate in relation to the free surface of the foundation.
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Figure 21. Influence of density variation on symmetric
and asymmetric case circular plate.
Figure 22. Influence of density variation on deflection
of circular plate for nonlinear foundation.
Figure 23. Influence of density variation on deflection of circular plate for free surface of foundation.
5. Conclusion
In this study, free vibration of varying thickness and non-homogenous circular plate resting on Winkler and
Pasternak foundations using Galerkin of weighted residual method is investigated. From the parametric studies,
it was established that
(1.) The natural frequency of circular plate increases with increase in elastic Winkler foundation Parameter.
(2.) The natural frequency of circular plate increases with an increase in elastic Pasternak foundation
Parameter.
(3.) Extreme modal displacement occurs on the plate due to radial and circumferential stresses.
(4.) The natural frequency of the circular plate increases with increase in the thickness of the circular plate
(5.) The natural frequency of the circular plate decreases with increase in density of the circular plate
(6.) The nonlinear vibration frequency ratio increases as the stiffness of free foundation increases. Increasing
nonlinear foundation stiffness decrease the deflection of the circular plate.
(7.) Deflection of the circular plate increases as the thickness increases for nonlinear model. Conversely, the
free foundation thickness increases the nonlinear frequency ratio decreases.
(8.) Increasing the homogeneity of the circular plate leads to increase in the deflection of the circular plate.
The present study emphasizes the effect of elastic foundation thickness and density variation on the dynamic
behaviour of a thin circular plate. Also, the singularities issue of circular plate is handled with ease using
Galerkin of weighted residual, the ease of obtaining the Eigenvalue without the difficulty of many iteration and
complex mathematics is a huge benefit of the method. It is expected that the present study will contribute to
the understanding of the study of the dynamic behavior of a circular plate under various parameters.
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List of symbols
r radius of the plate
C clamped edge plate
E Young’s modulus
F free edge support
S simply supported edge
Ω natural frequency
d
dr
differential operator
f dynamic deflection
h plate thickness
ρ mass density
D modulus of elasticity
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